Properties of the superconducting condensate.
Simplest picture:

Those part of the free energy which depends directly on the condensate (y(7)) should
depend on F = F[y(7), Vi (7)]
In the case of charge less condensate (superfluid)

F= fd?( L vyl + alyl? +b|¢|4)
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In a charged system, the local U(1) invariance requires p — p — e*/f,
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F = f dr (mK—LhV —e* )| +alyl? + b|1/)|4)
The gauge invariance means, that by the following gauge transformation
Y - =ex@yp, 4, > A, —~8,x(x)
any measurable function should be invariant

flw. A = Fl. 4,

Let Y(7) = /p(Pel*®
h%p e* \* h?
= r - 2 2
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It is minimum if the first termis zero, i.e. Vg — %*A =0
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Homogenous case (Vp = 0)

F= fd?{ap + bp?}
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The minimumwhena >0p =0,a<0,p= pg = —%, in this case ap + bp? = —Z—b

therefore whena < 0 and p = p,
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It is minimum when Vg = %/T, taking the curl of both side
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No magnetic field inside a homogenous superconductor, that is the Meissner effect.
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@y is the flux inside the superconducting ring.

Furthermore

Superconducting ring:



deV(p = @0 =2m) — (@ =0) =2nn
because Y is a single valued function, therefore
®. =2 h _ nh o
B = nne* =25 = nd,
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where &, = 2o the flux quantum. That is the flux quantization.

Electric current:
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J =i (=i = e A + p(—ihY — e A)yr} = =L (w0 — e*A)
Taking the curl of both sides
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Where the London penetration length

1 = m* _1_ c
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wy; is the superconductor plasma frequency (depend on the density of the superconducting
electrons)

Around a half plane (on one side is superconductor, the other side is not superconductor)
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and the same time
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The superconducting current around the surface screens the external magnetic field.



Fluctuations:
1 oy 2
F= f a7 <W|(—ihv —e* D)y +alyl? + b|¢|4)
Homogenous case, the minimum at |,|% = —ib, (a <0)
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Let

P = (g + Spp)ei@o+o0)

6y describes the amplitude, §¢ the phase fluctuation of the condensate.
Inserting to F, and using the gauge transformation A- A+ £V(5(p)

2 2
F = f dF [;,ln (VoY) + o — A2 Y| — 2a(8y)? - "’7

- The phase fluctuations were transformed out by the gauge transformation. No
Goldstone mode in a charged condensed system.
S

- The photons have a finite mass: the photon term, because [|? = |y,|? = n?, where
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ng is the density of the superconducting electrons,
2
We have already seen that wf,l = %2 = (li) . Using the deBroglie relation 1, =
L L
h _ ¢ 2 _
mac ~ wpt’ therefore myc” = hw,,,
finite mass for the photons. This mass is quite universal, doesn’t depend on the
details (on the underlying microscopic theory). That is the Anderson-Higgs
mechanism.
- The amplitude fluctuations have a finite mass u < —a. That is the Anderson-Higgs

boson. The value of the mass of this boson depends on the details of the underlying
microscopic model.

my is the photon mass. The condensate gives a



Lagrangian (minimal coupling)

The amplitude of the superconducting condensate is fixed by the GL theory

a
|1/)0|2 = —%

The Lagrangian of the superconducting condensate could not depend on the phase itself

because it is not gauge invariant. However, 9, ¢ (r) — 2eA, () /A is gauge invariant.

Therefore

LS[aﬂrp(r) — ZeA#(r)/h]
In addition, the total Lagrangian contains the electromagnetic field also, (c = 1)

Lgy = %(EZ —B?) = %ELVF#V
where
_)I*}W = d,A, — 9, A,
E; =[0,A - VAO]i = 0,4; — 0,4, = Fy;
. 1
Bi = (VX A), = €0 A = 5 €11
The total Lagrangian (2e = A = 1)

1
L= Ef di(E? — B?) + Ls[0,0(r) — A, (1)]

Charge and current

_8Lg 8L
Ji = 54; 60,9
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P =54, 50,0
Zero resistivity:

We know that the canonical momentum m is defined as
OLg
" T 5000
So p = —m. Therefore the Hamiltonian should be considered a function of -p and ¢, instead
of dy¢ and ¢.
The equation of motion is:

On the other hand, we know that
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where V is the voltage. This is because E = [ drp(r) V(r)
Therefore,

dop(r) = —=V(r)
For a static system, the phase of the condensate should be time-independent, d,¢ = 0. So
we have V(r) = 0. This means that if we have a constant current in the system (the system
is static), V = 0. No voltage but finite current. This is superconductivity.



The Josephson junction

Josephson junction has two superconductors separated by a thin layer of insulator. The
Lagrange of a Josephson junction L; depends on the phase difference between the two
superconductors, which is also gauge invariant
L= LEM + LSl + LSZ + Ljunction
Ljunction = ‘AF(A(p)
where A is the area of the junction. F(Ag) is a function of the phase difference between the
two superconductors (A@ = @, — @g). It is easy to notice that F(A¢) must be a periodic

function with periodicity% = nmh/e. (Cooper pairs have charge 2e)

F(Ap) = F(Ap + nrth/e)
For a charge neutral particle,

Ap = f dr Vo
However, for charged particles, in the presence of gauge field 4, the gauge invariance Ap
shall take the form

A(pzfdr(V(p—A)

This formula is gauge invariant.
Therefore the current cross the junction is
_ 5Ljunction

, 5A(p , 6A ’
] = —i = AF'(Ap) S - —AF (Afﬂ)ﬂ = —AF'(Ap)

Now we apply a voltage V across the junction. Because we know that
9o (r) = =V (r)
It is easy to notice that
Ap = =Vt + constant
Therefore:
J = — AF'(—Vt + constant)
By applying a fixed V, we found that the current is changing in time. Because F is a periodic
function, F'is also a periodic function. So J is a periodic function of t, and the periodicity is
nh/eV



Considering the action, and completely ignoring the fluctuations in the amplitude of the
condensate,

SlA, 9] = gf d®r {fn—o <V<p - z—:A)Z + (V x A)Z}

In momentum space (2e = h = 1)

S14, 91 = £3, {2 (idps — A7) (—idp_ — A-5) + (4 x Ag)(—i x A_5)} =
Lyl [a?0a0-q — 2id4_go; + AzA_g] + (G x 4z)(—q x A_3)]
Performing a gaussian integral on the ¢ degrees of freedom (f e‘x2+xy~ey2)

Or using the gaussian integral
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Break up A into a longitudinal and a transverse part: Az = Az —

Q(Z:‘a) N Q(Zza)

The first two terms are the transverse, the last is the longitudinal part.
Only the transverse part will contribute to the magnetic field, since Eﬁ =q X A%.
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The equation of motion

Po oo _
(— \Y )Al =0
That can be summarized as:

The Goldstone soft mode ¢, due to the coupling between the Goldstone mode ¢ and the
gauge field A, upon integrating the Goldstone mode, the gauge field acquires a mass.
The photon (vector potential) field has eaten up the Goldstone mode to become fat.

Originally we had three degrees of freedom, one from the Goldstone mode two from the
gauge field (without mass the gauge field is pure transverse mode). Now we have three
modes again, the gauge field is now not purely transverse but it gained a longitudinal
component.

The frequency of the transverse mode (now restoring e)

e’ng
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Using a more detailed analysis the frequency of the longitudinal mode






GL equation
The free energy of the superconducting state by GL is (using the notation of the Sélyom
book), measuring from the free energy of the normal state:

1 " 1 !
B f ar (Wl(—ihv e A)y| +aMIpP + 2P +§BZ)

Here the magnetic induction B is fixed (Helmholtz free energy)
The saddle point equations

dF ) 2
o = 0= — —ihV — e*A) Y+ a(T)Y + B(T)P|PI2 =0
or_ lh*[ v V'] e*z,aﬂ 2-VxB=0
—_— —_ X =
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By the Maxwell equatlon VxB = ]
- *—) — " |¢|2 " -
=2m*[¢ A A|¢|2— (nVp — e*4)
These are the celebrated Ginzburg-Landau equatlons.
The boundary condition on the surface
r_i(—ihV - e*/f)t/; = 0 or a pure imaginary constant.
The uniform solution, without electromagnetic field
al . ,
(Uf(T) +ﬂ(T))|1/J0|2 =0 = Y, = %eup = /nge'?

Inserting this value of the order parameter the free energy density difference between the
superconducting and the normal state, i.e. the condensation energy density
la(T)|? poHZ

fs—fu=- 28 == 2

H_ is the thermodynamic critical field.

The interface of a SC with a normal material. In the absence of fields and currents and taking
a uniform solution parallel to the interface i.e. Y(7) = (%)

n

Defining f = l/)/lpo

2

fr+ f=f2=0

has units of [length]?. It is called the GL coherence length and

2m*|a|

The combination é2 = p—r"

gives he typical scale for the variation of 1. To demonstrate that, deep in the bulk f =1,
define g(x) to be variations from this ideal value f(x) = 1 + g(x). Assuming g(x) < 1, we

can linearize the above equation g" = ;—Zg = g(x)~ei\/5x/f

Which shows that small disturbances in f decay over the length scale ¢.
We have identified two length scales : the magnetic field penetration depth 4, =

* * * 2
\/ i :\/eg :\/;B(T) and the coherence length § = *h

e*pol? ng la(T)] 2m*|a(T)|



We naturally expect that the dimensionless ratio of these lengths will be an important
parameter of the theory.

1 o 2 1 )
F = [ @i (g |(-iny = e )l + eIyl + 3811 +557)
Rescale all the dimension full parameters in order to obtain equations in terms of

dimensionless parameters only.
Rescale:

Dy a(T)

~ T2 h -
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h . . .
Where @, = —is the natural unit of magnetic flux called a flux quanta.
0 e*

Now writing the free energy in terms of the rescaled quantities we have

F =§dn5|a|fdd3?{ <V—£Ei)1/3

Where k = AL/SC, and ngla| = poH?

Z o 1, R
_ |1/,|2 +§|1/;|4 + (V x &)2}

Remarkably the behavior of the system (in the saddle point) is controlled by a single
dimensionless parameter k called the GL parameter.

1/K is the dimensionless coupling constant to the electromagnetic field.
e*h
1/K =

m*\/2B(T)
The first GL equation in dimensionless form
. 2
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Vortices in type Il superconductors

We have seen that the long wavelength phase fluctuations, the Goldstone modes are
absent. What about the short wavelength phase fluctuations, or shortrange distortion states
of the phase?

k > 1. In this case we can take ||? = ng = const while keeping in mind that this theory
has a short length cutoff ¢. Now we have only the second GL equation

5 1 /Py -

J=5 a0 -4)
or in another form (Maxwell equationf =V x §)

D0Gy = 4+ 227 x B
27T
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Let @(#,9) = 9 in polar coordinates, this means Vg = =
VxVep=Vx G@) = 21262 (r) because V X G@) = 0forr >0and [dSV x Vg =
$dl Vo =21
We know that the short distance cutoff in this model is € but in case 4, > & we can use this
approximation.
Taking the curl of the above equation
®,26%(r) =B+ 22V xVx B = B — A2V2B
The exact solution of this equation

(ON T
B,(r) = —% K, (—)
2() 2mAZ 0\,
where K is the zeroth-order modified Bessel function. Inside the vortex core

()
B <) =55k (f—L)

Limiting forms of this function

B,(r) ~ -2 (ln (ﬂ) + 0.12) ifE T <A

2mA?

fa -r .
Bz(r)z;—;% "2—:9 /2 if r> 1,



